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We use a map to certain quantum error-correcting codes to get a lower bound for minimal homo-
logical distances in a tensor product of two chain complexes of vector spaces over a finite field. This
gives an explicit expression for the distances when one of the complexes is a linear map between
two spaces. The codes in the construction, subsystem product codes and their gauge-fixed variants,
give a generalization of several known families of quantum error-correcting codes.
I. INTRODUCTION
Central idealization in topology is the focus on con-
tinuity while sizes are ignored. Topologically speaking,
an opening through a straw is no different than a pin-
hole in a piece of paper, or a missing pixel in an image.
Yet a missing pixel could be just an artifact of the noisy
data. No wonder that in practical applications the sizes
and distances are important, and are incorporated into
computational algorithms in a variety of ways[1–5].
Quantum stabilizer and, more generally, subsystem
codes offer an excellent example of a problem where such
a distance is extremely relevant[4, 6, 7]. Namely, a qubit
quantum stabilizer code is isomorphic to a chain com-
plex C with three finite-dimensional binary spaces, where
logical operators correspond to elements of the first ho-
mology group H1(C). In the case of a Calderbank-Shor-
Steane[8, 9] (CSS) code, the rank of this group gives the
number k of encoded qubits, the code length n is the
dimension of the corresponding space C1, while the dis-
tance d of the quantum error correcting code (QECC),
the minimum weight of a non-trivial element in H1(C)
(or the corresponding co-homology group), has to be suf-
ficiently large for the code to offer a protection against
environmental errors.
In fact, topological QECCs, generalizations of the toric
code[6, 10–15] invented by Kitaev[16], are presently at
the crux of research in quantum error correction (QEC).
Such a code can be constructed from any tessellation
of an arbitrary surface or a higher-dimensional mani-
fold. The essential advantage of topological codes is lo-
cality: stabilizer generators, operators to be measured
frequently, involve only qubits in the immediate vicinity
of each other; this is one of the reasons making planar sur-
face codes so attractive and practical. However, locality
also limits the parameters of topological codes[17–20]. In
particular, for a code of length n with generators local in
two dimensions, the number of encoded qubits k and the
minimal distance d satisfy the inequality[17] kd2 ≤ O(n).
This implies asymptotically zero rate, R = k/n → 0,
whenever d diverges with n.
More general quantum low-density parity-check
(LDPC) codes have stabilizer generators of bounded
weight but no locality constraint. This is the only class
of codes known so far to combine finite rates with non-
zero fault-tolerant (FT) thresholds[21, 22], to allow scal-
able quantum computation with a finite multiplicative
overhead[23]. However, unlike in the classical case, where
capacity-approaching codes can be constructed from ran-
dom sparse matrices[24–27], matrices suitable for con-
structing quantum LDPC codes are highly atypical in
the corresponding ensembles. Thus, an algebraic ansatz
is required to construct large-distance quantum LDPC
codes. Precious few examples of algebraic construc-
tions are known that give finite rate codes and also sat-
isfy sufficient conditions[22] for fault-tolerance: bounded
weight of stabilizer generators and minimum distance
that scales logarithmically or faster with the block length
n. Such constructions include hyperbolic codes on two-
and higher-dimensional manifolds[28–32], and quantum
hypergraph-product (QHP) & related codes[33–36]. Fur-
ther, some constructions, e.g., in Refs. 4, 37–40, have
finite rates and relatively high distances, with the stabi-
lizer generator weights that grow with n logarithmically.
It is not known whether these codes have non-zero FT
thresholds. However, such codes can be modified into
those with provable FT thresholds with the help of weight
reduction[41].
The original QHP ansatz[33] by Tillich and Ze´mor
can be seen as a tensor product of two chain complexes
A and B, each involving just two finite-dimensional bi-
nary spaces with chosen bases, so that the corresponding
boundary operators are just binary matrices. The re-
sulting chain complex has three spaces; elements of the
first homology group of dimension k = rankH1(A × B)
form a half of the quantum code Q1(A × B) encoding k
qubits (the other half comes from the corresponding co-
homology group). This dimension can be immediately
recovered from the Ku¨nneth formula[42, 43]. The main
result by Tillich and Ze´mor is the expression for the min-
imal distance. This was generalized by the present au-
thors to homology groups in a tensor product of a general
chain complex over binary spaces with that involving just
two spaces[36].
In this work, we offer a generalization of the distance
result in Ref. 36 to a tensor product of two chain com-
plexes of vector spaces over any finite field F , with one
of the complexes still required to be a linear map be-
tween a pair of spaces. While the original proof[36] would
still work with a general field, here we give a simpler
proof for the lower bound on the minimum distance, for-
mulated in terms of a projected product complex with
2the level-j subspace projected onto just one subspace
Ai ⊗ Bj−i ⊂ (A × B)j . As a result of the projection,
the quantum code Qj(A × B) associated with the j-th
homology group of the product complex is replaced by
an F -linear quantum subsystem code; its distance gives
a lower bound on the distance associated with the ho-
mology groupHj(A×B) of the original product complex.
When one of the complexes has length two, the minimum
distance of the subsystem code can be computed and, as
in the binary case, the result saturates the upper bound.
While the construction also works for a product of
chain complexes of arbitrary length, we failed to find
a tight lower bound on the distance of the correspond-
ing projected codes. Further, we have found a class of
examples, a generalization of the homological product
of Steane code with itself[4, 38], where the distance of
the projected complex is strictly smaller than the up-
per bound. However, through extensive numerics for
q ∈ {2, 3, 22, 5, 7, 23, 32, 11}, we could not find a single
case where the homological distance in the full product
complex would fail to saturate the upper bound. We con-
jecture that in a product of general chain complexes, the
upper bound on the homological distance is saturated.
Potential applications: In theory of QEC, in ad-
dition to defining new classes of quantum LDPC codes
with parameters known explicitly, our construction may
be useful for (i) optimizing repeated measurements in the
problem of FT quantum error correction[21, 22, 44, 45],
(ii) related problem of single-shot error correction[46–
49], (iii) analysis of transformations between different
QECCs, like the distance-balancing trick by Hastings[41],
and (iv) construction of asymmetric quantum CSS codes
optimized for operation where error rates for X and Z
channels may differ strongly[50–55].
More generally, Ku¨nneth formula is one of the most
important and widely known results in algebraic topol-
ogy, see, e.g., Ref. 56. Its well known consequence is the
relation between the Betti numbers of two manifolds and
their product, which can be written in terms of a product
of the corresponding generating functions, the Poincare
polynomials p(x) = b0 + b1x+ b2x
2 + . . .. Generally, bk
is the rank of the k th homology group. For manifolds in
three dimensions, the zeroth Betti number, b0, gives the
number of connected components, the first, b1, the num-
ber of one-dimensional holes (incontractible cycles), and
b2 the number of closed surfaces that cut out internal cav-
ities. In particular, for a torus, p(x) = 1+2x+x2, which
can be written as (1 + x)2, the square of the Poincare
polynomial for a circle.
Our results can be seen as equipping Ku¨nneth formula
with a distance. For example, consider a torus defined via
periodic boundary conditions on a plane, e.g., with peri-
ods Lx and Ly along the x and y directions. Then, the
systola (girth in the case of a graph) is min(Lx, Ly), while
the surface area (number of plaquettes) is LxLy. More
generally, for a tensor product of a circle with perimeter
L and an arbitrary manifold with systola L′1, minimum
surface area L′2, etc., the corresponding dimensions are
given by min(L,L′1), min(LL
′
1, L
′
2), . . .
The outline of the rest of the paper is as follows. In
section II we formulate main results in application to
chain complexes. In Sec. III we go over the necessary
background facts from theory of classical and quantum
error-correcting codes, as well as chain complexes of vec-
tor spaces over a finite field F . We also establish the
relation between (co)homology groups in such a complex
and F -linear quantum codes. In section IV we describe
the construction and derive upper and lower bounds for
minimal distances of several related families of “product”
codes constructed in terms of Kronecker products of ma-
trices associated with a pair of quantum codes whose
parameters are known. In Section V we apply the ob-
tained results to the problem of finding the homological
distance in tensor products of two and more chain com-
plexes, and discuss their use in fault-tolerant quantum
error correction. Finally, in Section VI, we discuss some
extensions of present results.
II. RESULTS FOR F -LINEAR CHAIN
COMPLEXES
Our main result is the expression for the homologi-
cal distance in a tensor product of two bounded chain
complexes of finite-dimensional vector spaces over a fi-
nite field F , where one of the complexes contains just
two non-trivial spaces. Specifically, let A be such a
complex of any length specified in terms of boundary
operators ∂j : Aj−1 ← Aj defined explicitly as matri-
ces, ∂j = Aj such that AjAj+1 = 0, and B a complex
with just two non-trivial spaces B0 and B1 and a single
non-trivial boundary operator (matrix) B1 : B0 ← B1
mapping between them. Then, the homological distance
dj(C) for the j th homology group in the tensor product
C = A× B of the two complexes is
dj(C) = min
(
dj(A)d0(B), dj−1(A)d1(B)
)
. (1)
This is a generalization of the identical expression for the
tensor product of binary chain complexes from Ref. 36.
There is actually a stronger statement which con-
cerns the homological distance dj(Ci,j−i) after a projec-
tion onto a single subspace Ci,j−i = Ai ⊗ Bj−i, where
j − i ∈ {0, 1}. Here, a chain complex with the space Cj
reduced to its subspace has modified boundary operators
∂′i and ∂
′
i+1. The latter is defined as a composition of
a projector P and the original boundary operator ∂i+1,
∂′i+1 ≡ P∂i+1, where P
2 = P and the image of P is
the subspace of interest. The modified boundary oper-
ator ∂′i is defined to ensure the composition to vanish,
∂′i ∂
′
i+1 = 0, see Sec. V. For this chain complex C
′
i,j−i
with the space Cj in the original product complex C pro-
jected to its subspace Ci,j−i, the homological distance at
level j is given by one term only,
dj(C
′
i,j−i) = di(A)dj−i(B), j − i ∈ {0, 1}. (2)
3Our third result concerns with the minimal distance in
a tensor product of two arbitrary-length chain complexes
of vector spaces over a finite field F . Here the upper
bound on the homological distance reads
dj(C) ≤ min
i∈Z
di(A)dj−i(B). (3)
A lower bound for the same distance dj(C) can be con-
structed by projecting onto the individual product spaces
Ai ⊗ Bj−i, i ∈ Z, whose direct sum gives the degree-j
space Cj in the product complex. This gives dj(C) ≥
mini d(C
′
i,j−i). The result of the projection can be seen
as certain F -linear quantum subsystem code, with CSS
gauge generator matrices in the product form
GX =
(
I(ai)⊗Bj−i
Ai ⊗ I(bj−i)
)
, GZ =
(
I(ai)⊗B
T
j−i+1
ATi+1 ⊗ I(bj−i)
)
,
(4)
where I(a) ≡ Ia is the size-a identity matrix and ai and
bi, respectively, are the dimensions of the degree-i spaces
in the chain complexes A and B, and ‘⊗’ denotes the
Kronecker product. Thus, the Z-distance of the subsys-
tem code with CSS generators (4) may serve as a lower
bound for dj(C), complimentary to Eq. (3).
Unfortunately, such a projection is not an ideal tool for
finding the minimum distances in the product complex,
as the distance may actually be reduced in some cases.
An example which works for any field F is a generaliza-
tion of the product of the Steane code with itself[4, 38],
a product of a chain complex and the corresponding co-
chain complex with the space C2 in the product projected
onto the subspace A1 ⊗ A˜1, see Example 5 later in the
text. The corresponding distance is upper bounded by
a1 ≡ dimA1, while a projected version of the upper
bound (3) gives d1(C) ≤ d1(A)d1(A˜).
Alternatively, we may consider chain complex A as
a CSS code with parameters [[a1, k1, (d1, d˜1)]], where
k1 = rankH1(A) and d1 and d˜1, respectively, are the ho-
mological distances for the first homology groups in the
chain complex A and the corresponding co-chain com-
plex, B ≡ A˜ whose boundary operators are B1 = A
T
2 and
B2 = A
T
1 . Then the subsystem quantum code with CSS
generators (4), using i = 1 and j = 2, has the distance
d upper bounded by a1, while a projected version of the
generic upper bound (3) gives d ≤ d1d˜1. It is known that
long CSS codes with the distances scaling linearly with
the code length exist[8]. Thus, for such a projected code,
generic upper bound has asymptotic scaling d ≤ O(n21),
linear in the code length, whereas in fact d ≤ n1 = n
1/2,
a square root of the code length.
However, this example only concerns the minimum
distances in chain complexes with one of the spaces
projected, it does not prevent the inequality (3) from
being saturated. We conducted extensive numeri-
cal calculations finding homological distances for prod-
ucts of random Fq-linear chain complexes with q ∈
{2, 3, 22, 5, 7, 23, 32, 11} and space dimensions of up to
12, and an exhaustive enumeration of products of binary
chain complexes with individual spaces of dimension up
to 7. Yet we haven’t been able to find a single example
of a pair of chain complexes whose product would fail to
reach the upper bound (3). Combined with analytical re-
sults for multiple products of chain complexes involving
just two spaces, we conjecture that in general, for any
finite field F = Fq, the homological distances in a tensor
product of a pair of bounded chain complexes of vector
spaces over F satisfy the equality
dj(A× B) = min
i∈Z
di(A)dj−i(B). (5)
III. BACKGROUND
A. Classical q-ary codes
A classical q-ary code[57] C with parameters (n,K, d)q
is a collection of K strings (codewords) of length n over
an alphabet with q symbols. The code distance d is the
minimum number of positions where two strings in the
code differ. A linear q-ary code, where q is a power of a
prime, is a k-dimensional subspace of the n-dimensional
vector space Fn over the field F ≡ Fq. Such a code
contains K = qk strings. A linear code C ≡ CG with pa-
rameters [n, k, d]q can be defined in terms of a generator
matrix G whose rows are the chosen basis vectors; the
dimension k of the code CG is k = rankG. For a linear
code, the distance d is the minimum Hamming weight of
a non-zero vector in the code.
A linear subspace in Fn can be also specified in terms
of its orthogonal subspace. To this end, one has to choose
the inner product to be used[58–60]. The simplest choice
is the usual Euclidean scalar product, a · b ≡ a bT , where
a, b ∈ Fn are considered as length-n row vectors. Re-
spectively, the dual C⊥ of a linear code C is a collection
of q-ary row vectors orthogonal to any vector in C,
C⊥ = {b ∈ Fn|c bT = 0, ∀c ∈ C}. (6)
For a linear code of size |C| = qk and dimension k, the
dual code has size |C⊥| = qn−k. Generator matrix H of
the dual code, CH ≡ C
⊥
G , is called a parity check matrix
of the original code. More generally, a pair of n-column
matrices G and H with elements in F are called mutually
dual if
GHT = 0, rankG+ rankH = n. (7)
Given a string c ∈ Fn, denote V ≡ {1, 2, . . . , n} the
set indexing the individual characters. For any index set
I ⊆ V of length |I| = r, let c[I] ∈ F r be a substring
of c with the characters in all positions i 6∈ I dropped.
Similarly, for an n-column matrix G with rows gj , G[I] is
formed by the rows gj [I]. If C = CG is an F -linear code
with the generating matrix G, the code of length |I| with
the generating matrix G[I] is the code punctured outside
I, Cp[I] ≡ {c[I] : c ∈ C}.
4The shortened code Cs[I] is formed similarly, except
only from the codewords supported inside I, Cs[I] =
{c[I] : c = (c1, c2, . . . , cn) ∈ C and ci = 0 for each i 6∈ I}.
The dual of a punctured code Cp[I] is the shortened dual
code, (Cp[I])
⊥ = (C⊥)s[I]. To express this relation in
terms of matrices, consider a pair of mutually dual ma-
trices in Eq. (7) and a code C ≡ CG = C
⊥
H . Denote a
generator matrix of the shortened code Cs[I] as GI . Du-
ality between the punctured original and the shortened
dual codes implies that the corresponding generator ma-
trices GI and H [I] are also mutually dual[57],
H [I]GTI = 0, rankGI + rankH [I] = |I|. (8)
Similarly, HI is also a dual of the punctured generator
matrix G[I].
We will also consider q-ary linear space F 2n of length-
2n vectors in the form e = (a|b), where both a and b are
row vectors of length n. The symplectic product of two
such vectors is defined as
e′ ⋆ e ≡ a′ · b − b′ · a ≡ e′Σ eT . (9)
The right-most form contains the symplectic matrix,
Σ ≡ Σn =
(
In
−In
)
, (10)
with In an n × n identity matrix. For a row vector
e ∈ F2n, the (symplectic) conjugate is e˜ = eΣT = −eΣ,
so that the symplectic product can be also written as
e′ ⋆ e = e′ e˜T . The code orthogonal with respect to the
symplectic product to a given q-ary code C ⊆ F 2n is
denoted C⊥⋆. A code C⊥⋆G orthogonal to CG has genera-
tor matrix G⋆, a (symplectic) parity check matrix of the
original code CG and also a Euclidean dual of the matrix
G˜ = −GΣ, see Eq. (7), except that the code length here
is 2n. Explicitly, for a generator matrix in the block form
G = (A|B), where each block has n columns, rows of G⋆
are orthogonal to the rows of G˜ = (B|−A), G˜(G⋆)T = 0.
B. Quantum stabilizer codes over qudits
A single qudit is an isolated quantum-mechanical sys-
tem whose pure states are described by vectors |ψ〉 in
a q-dimensional Hilbert space Hq. Pure states of n qu-
dits are described by vectors in the Hilbert space H⊗nq ,
the tensor product of n single-qudit spaces. The cor-
responding physical observables are described by Her-
mitian operators acting in H⊗nq . An n-qudit quantum
error-correcting code Q with parameters ((n,K))q is a
K-dimensional subspace of H⊗nq .
When q = pm is a power of a prime, there is a partic-
ularly nice basis for single-qudit operators acting in Hq.
Following Ref. 59, choose q orthonormal basis vectors
|z〉 ∈ Hq, z ∈ F , enumerated by elements of the finite
field F ≡ Fq. Two kinds of unitary operators, Xˆ(a) and
Zˆ(a), a ∈ F , also enumerated by elements of the field,
are defined in terms of their action on the basis vectors,
Xˆ(a) |z〉 = |z + a〉 , Zˆ(b) |z〉 = ωtr(bz) |z〉 , (11)
where, with q = pm,
tr(x) ≡ trF/Fp(x) = x+ x
p + . . .+ xp
m−1
(12)
is the trace operation from the extension field F = Fq
to the prime field Fp, and ω = e
2πi/p is a primitive p th
root of unity. The basis of interest is formed by the q2
operators Xˆ(a)Zˆ(b), a, b ∈ F .
The same operators can be used to construct a ba-
sis of operators acting in an n-qudit Hilbert space H⊗nq .
Namely, given a q-ary vector a ∈ Fn, define the n-qubit
operators Xˆ(a) and Zˆ(a) as tensor products over compo-
nents, e.g., Xˆ(a) = Xˆ(a1)⊗ Xˆ(a2)⊗ . . .⊗ Xˆ(an). These
operators generate the n-qudit Pauli group
Pn =
{
ωcXˆ(a)Zˆ(b)|c ∈ Fp, a, b ∈ F
n
}
. (13)
The weight wgt(Uˆ) of an operator Uˆ ∈ Pn is defined
as the number of qudits that Uˆ acts upon non-trivially.
Up to a phase, a Pauli operator Uˆ(a, b; c) ≡ ωcXˆ(a)Zˆ(b)
can be specified by the vector e ≡ (a|b) ∈ F2nq . The
commutation relation between two such operators (with
inessential phase factors suppressed) reads
Uˆ(a, b)Uˆ(a′, b′) = ωtr(a·b
′−b·a′)Uˆ(a′, b′)Uˆ(a, b). (14)
In particular, the two operators commute if and only if
the trace symplectic form tr(a · b′ − b · a′) vanishes.
An n-qudit stabilizer code is a common +1 eigenspace
of all operators in a stabilizer group S,
Q ≡ QS =
{
|ψ〉 ∈ H⊗nq |Uˆ |ψ〉 = |ψ〉 , ∀Uˆ ∈ S
}
, (15)
where S is an abelian subgroup of Pn whose only zero-
weight member is the identity operator. It is easy to
see that any Pauli operator Eˆ which does not commute
with an element of the stabilizer, throws the code QS
into an orthogonal space EˆQS ; such operators are called
detectable errors. Undetectable errors commute with all
elements of S. In particular, all elements of S are unde-
tectable. However, since these operators act trivially in
the code, such errors can be ignored. Only undetectable
errors outside of S (up to a phase) are relevant for er-
ror correction. Such errors act non-trivially in the code
and correspond to logical operators. The distance d of a
stabilizer code is defined as the minimum weight of an un-
detectable Pauli operator not equal (up to a phase) to an
element of S. Similarly, errors Eˆ ∈ Pn and Eˆ
′ = ωcSˆEˆ
that differ by an element Sˆ ∈ S of the stabilizer group
(again, up to a phase) are called mutually degenerate; for
all practical purposes such errors are equivalent.
Up to the choice of the phases of its generators, a sta-
bilizer group can be also represented as a length-2n addi-
tive code over Fq, isomorphic to a length-2nm linear code
5over Fp, where q = p
m. The commutation condition gives
an additional requirement that the rows of the generator
matrix be mutually orthogonal with respect to the sym-
plectic trace product. In general, any element x ∈ Fq of
an extension of a field of prime degree p is p-periodic with
respect to addition, p x = 0. Respectively, the size of a
stabilizer group is a power of the prime p. This gives the
code dimension K = qn/|S| = ps, which is not necessar-
ily an integral power of q. Thus, excluding the case of a
prime field analyzed in Ref. 61, a stabilizer code does not
necessarily encodes an integer number of qudits which
requires an additional constraint that s mod m = 0.
C. F -linear quantum codes
Here, we will focus on the special case of F -linear
length-2n codes formed by vectors of the form e = (a|b),
a, b ∈ Fn, and duality implemented in terms of the Eu-
clidean symplectic product (9). Unlike in Eq. (14), there
is no field trace in this expression. Thus, e ⋆ e′ = 0
gives a sufficient but not a necessary condition for the
Pauli operators Uˆ(e) and Uˆ(e′) to commute, unless q is
a prime. Such an approach follows the definition of CSS
codes in Ref. 59. Alternatively, many of the same results
can be obtained by classifying generators in terms of a
lifted Pauli group as suggested by Gottesman[62].
Degeneracy is the key difference of quantum codes from
their classical counterparts. Two vectors e and e′ in F 2n
are called degenerate with respect to elements of the F -
linear code CG generated by an r× 2n matrix G iff there
exists an α ∈ F r such that e′ = e + αG. Degeneracy
with respect to CG is denoted e
′ G≃ e, where the generat-
ing matrix may be omitted if the meaning is clear from
context.
In the simplest case rows of the generator matrix
G = (A|B) (here and below denoted as H to indicate
orthogonality) are mutually orthogonal with respect to
the symplectic product,
HH˜T ≡ HΣHT = ABT −BAT = 0, (16)
which is equivalent to CH ⊆ C
⊥⋆
H . The space CH is readily
seen as the symplectic map of a stabilizer group acting
in H⊗nq . The corresponding dual code C
⊥⋆
H , with any
pair of vectors degenerate with respect to CH identified,
is called an F -linear stabilizer code. The same object is
also known as the quotient space C⊥⋆H /CH .
Given any set of (m rankH) additively independent
basis vectors of CH , a stabilizer group S ⊆ Pn can be
constructed by assigning each generator a phase c ∈ Fp.
With this map, vectors in C⊥⋆H correspond (up to a phase)
to undetectable Pauli errors, i.e., operators acting in the
space QS ⊆ H
⊗n
q stabilized by S. Stabilizer group being
abelian, it is a subgroup of the group LS of all unde-
tectable Pauli errors acting in H⊗nq . Thus, mutually non-
degenerate logical operators are classified by elements
of the quotient group LS/S. If we ignore the phases,
this group is isomorphic to the F -linear stabilizer code
C⊥⋆H /CH . Notice that the subspace QS ⊆ H
⊗n
q is also
called a stabilizer code, but this should not cause a con-
fusion as we will exclusively use the former meaning.
For an F -linear stabilizer code based on the genera-
tor matrix H , any codeword c satisfies H˜cT = 0; equiv-
alent codewords are mutually degenerate, c′
H
≃ c. Us-
ing orthogonalization, we can construct k = n− rankH
pairs of canonically conjugated codewords ci, c
′
i such that
ci ⋆ c
′
j = δij , i, j ≤ k. Equivalently, we can construct a
logical generator matrix L whose rows are orthogonal to
those of H˜ , H˜LT = 0, are linearly independent from rows
of H , and, in addition,
LΣnL
T = Σk. (17)
More generally, with G˜GT not necessarily zero, CG-
degeneracy classes of different vectors in C⊥⋆G correspond
to an F -linear subsystem code, a generalization of qubit
subsystem codes[63, 64]. Elements of CG form a symplec-
tic map of subsystem code’s gauge group, while vectors
c ∈ C⊥⋆G correspond to bare logical operators. Multipli-
cation of a bare logical operator Uˆ(c) by an element of
the gauge group gives a dressed logical operator; with
the symplectic map this corresponds to adding a linear
combination of the rows of G. Nonequivalent logical op-
erators in Pn map to vectors in F
2n which are not de-
generate with respect to CG, c
′ 6≃c.
A subsystem code can also be defined in terms of a
stabilizer code whose stabilizer group maps to the space
CH ≡ CG ∩ C
⊥⋆
G of dimension r = rankG − 2κ, where
2κ = rank(GG˜T ). The space CH is generated by code’s
stabilizer generator matrix H whose rows are linear com-
binations of the rows of G, and also G˜HT = 0. The cor-
responding orthogonal space C⊥⋆H contains k + κ = n− r
canonically conjugated vector pairs, including κ such
pairs in CG (these correspond to gauge qudits) and k
pairs in C⊥⋆G \ CG corresponding to logical operators of
the data qudits.
In the following, we will be mostly interested in CSS
codes[59], a special class of F -linear subsystem (or sta-
bilizer) codes whose generator matrices can be chosen in
block-diagonal form, G = diag(GX , GZ), with each block
containing n columns. The corresponding stabilizer gen-
erator matrix also has a block form, H = diag(HX , HZ);
the symplectic orthogonality is equivalent to GXH
T
Z = 0
and GZH
T
X = 0. Such a code, denoted CSS(GX , GZ), is
a direct sum of an X- and a Z-like codes,
CSS(GX , GZ) = CX ⊕CZ = C
⊥
HZ/CGX ⊕C
⊥
HX/CGZ , (18)
where each term in the r.h.s. is a quotient of two lin-
ear spaces. Clearly, the spaces CX and CZ are identical
to those in gauge-fixed stabilizer codes with generator
matrices H1 = diag(GX , HZ) and H2 = diag(HX , GZ),
respectively. Gauge generator matrix contains κ conju-
gate vector pairs not in CH , thus rankGX = rankHX+κ
and rankGZ = rankHZ + κ. As a result, both codes in
6the r.h.s. of Eq. (18) contain k = n− rankHX − rankGZ
inequivalent vectors. The distances of the two codes are
dX = min
x∈C⊥
HZ
\CGX
wgt(x), dZ = min
x∈C⊥
HX
\CGZ
wgt(x). (19)
Any k inequivalent codewords from CX can be chosen
to form the rows of a logical generator matrix LX ; in
general LXH
T
Z = 0. However, it is convenient to choose
bare codewords for the basis, so that also LXG
T
Z = 0.
Using bare codewords for the basis of the logical genera-
tor matrix of the other code, LZ , this matrix will satisfy
LZG
T
X = 0. In addition, choosing conjugate vector pairs
for the two bases, we can also ensure
LXL
T
Z = Ik; (20)
with the full-code logical generator matrix in the block-
diagonal form, L = diag(LX , LZ). This is the CSS form
of Eq. (17). Parameters of such a CSS code are denoted
as [[n, k, (dX , dZ)]]q, where the usual code distance is de-
fined as d = min(dX , dZ).
D. Chain complex of F -linear spaces.
Generally, a chain complex is a sequence of abelian
groups and a sequence of homomorphisms (boundary op-
erators) between pairs of consecutive groups such that
the image of each homomorphism be included in the ker-
nel of the next. Here we will be concerned with the spe-
cial case of chain complexes of finite-dimensional vector
spaces . . . ,Aj−1,Aj , . . . over a finite field F = Fq, where
q = pm is a power of a prime p. In this case the boundary
operators are linear transformations ∂j : Aj−1 ← Aj that
map between each pair of neighboring spaces, with the
requirement ∂j∂j+1 = 0, j ∈ Z. We define an ℓ-complex
A ≡ K(A1, . . . , Aℓ), a bounded chain complex which only
contains ℓ+1 non-trivial spaces with fixed bases, in terms
of nj−1 × nj matrices Aj with elements from F serving
as the boundary operators, j ∈ {1, . . . , ℓ}:
A : . . .← {0}
∂0← A0
A1← A1 . . .
Aℓ← Aℓ
∂ℓ+1
← {0} . . . (21)
Here the neighboring matrices must be mutually orthogo-
nal, Aj−1Aj = 0, j ∈ {2, . . . , ℓ}. In addition to boundary
operators given by the matrices Aj , implicit are the triv-
ial operators ∂0 : {0} ← A0 and ∂ℓ+1 : Aℓ ← {0} (with
the image being the zero vector in Aℓ) treated formally
as rank-zero 0× n0 and nℓ × 0 matrices.
Elements of the subspace im(∂j+1) ⊆ Aj are called
boundaries; in our case these are linear combinations of
columns of Aj+1 and, therefore, form a binary linear code
with the generator matrix ATj+1, im(Aj+1) = CATj+1 . In
the singular case j = ℓ, im(∂ℓ+1) = {0}, a trivial vector
space. Elements of ker(∂j) ⊂ Aj are called cycles; in our
case these are vectors in a binary linear code with the
parity check matrix Aj , ker(Aj) = C
⊥
Aj
. In the singular
case j = 0, ker(∂0) = A0, the entire space.
Because of the orthogonality ∂j∂j+1 = 0, all bound-
aries are necessarily cycles, im(∂j+1) ⊆ ker(∂j) ⊆ Aj .
The structure of the cycles in Aj that are not bound-
aries is described by the j th homology group,
Hj(A) ≡ H(Aj , Aj+1) = ker(Aj)/ im(Aj+1). (22)
Group quotient here means that two cycles [elements of
ker(Aj)] that differ by a boundary [element of im(Aj+1)]
are considered equivalent; non-zero elements of Hj(A)
are equivalence classes of homologically non-trivial cy-
cles. Explicitly, the equivalence of x and y in Aj implies
that for some α ∈ Aj+1, y = x+ αA
T
j+1. The rank of j-
th homology group is the dimension of the corresponding
vector space; one has
kj ≡ rankHj(A) = nj − rankAj − rankAj+1. (23)
The homological distance dj is the minimum Hamming
weight of a non-trivial element (any representative) in
the homology group Hj(A) ≡ H(Aj , Aj+1),
dj = min
06≃x∈Hj(A)
wgtx = min
x∈ker(Aj)\im(Aj+1)
wgtx. (24)
By this definition, dj ≥ 1. To address singular cases,
throughout this work we define the minimum of an empty
set as infinity; kj = 0 is always equivalent to dj = ∞.
In particular, the distance of the homology group H0(A)
is d0 = 1, unless A1 has full row rank, giving k0 = 0, in
which case we get d0 = ∞. In the case of the homology
group Hℓ(A), the distance dℓ is that of the binary code
C⊥Aℓ . Again, we get dℓ = ∞ if kℓ = 0, which happens
when Aℓ has full column rank.
In addition to the homology group H(Aj , Aj+1), there
is also a co-homology group H˜j(A˜) = H(A
T
j+1, A
T
j ) of the
same rank (23); this is associated with the co-chain com-
plex A˜ formed from the transposed matrices ATj taken in
the opposite order. A quantum CSS code with generator
matrices GX = Aj and GZ = A
T
j+1 is isomorphic with
the direct sum of the groups Hj and H˜j , cf. Eq. (18),
CSS(Aj , A
T
j+1)
∼= H(Aj , Aj+1)⊕H(A
T
j+1, A
T
j ). (25)
The two terms correspond to Z and X logical operators,
respectively. This gives for the homological distances in
the chain complex and in the co-chain complex, respec-
tively, dj = dZ and d˜j = dX .
The tensor product A × B of two chain complexes A
and B is defined as the chain complex formed by linear
spaces decomposed as direct sums of Kronecker products,
(A× B)j =
⊕
i∈Z
Ai ⊗ Bj−i, (26)
with the action of the boundary operators
∂′′′(a⊗ b) ≡ ∂′a⊗ b+ (−1)ia⊗ ∂′′b, (27)
where a ∈ Ai, b ∈ Bj−i, and the boundary operators
∂′, ∂′′, and ∂′′′ act in complexes A, B, and A × B, re-
spectively. Notice that the two terms in Eq. (27) are
7supported in different subspaces of the expansion (26).
When both A and B are bounded, that is, they include
finite numbers of non-trivial spaces, the dimension nj(C)
of a space Cj in the product C = A× B is
nj(C) =
∑
i
ni(A)nj−i(B). (28)
The homology groups of the product C = A × B are
isomorphic to a simple expansion in terms of those of A
and B which is given by the Ku¨nneth formula,
Hj(C) ∼=
⊕
i
Hi(A) ⊗ Hj−i(B). (29)
One immediate consequence is that the rank kj(C) of the
j th homology group Hj(C) is
kj(C) =
∑
i
ki(A) kj−i(B). (30)
Such a convolution can be also written as a product of the
Poincare polynomials pA(x) ≡
∑
j kj(A)x
j correspond-
ing to the two complexes, pC(x) = pA(x)pB(x).
IV. MINIMAL DISTANCE OF CERTAIN
F -LINEAR CSS CODES
Our main tool is the map (25) between a CSS code and
the homology groups of associated chain and co-chain
complexes. In this section we derive the minimum dis-
tances of several classes of CSS codes which are relevant
for the analysis of the homological distances in the tensor
products of chain complexes. Although the derivations
are not technically hard, these results may be of inde-
pendent value.
The distance bounds are constructed using the follow-
ing two Lemmas which, in turn, follow from Eq. (8) and
the fact that for any CSS stabilizer code CSS(HX , HZ)
with logical generator matrix L = diag(LX , LZ), the dual
code C⊥HX coincides with the space generated by the com-
bined rows of HZ and LZ , while C
⊥
HZ
coincides with the
space generated by rows of HX and LX combined.
Lemma 1 (Z-puncturing bound). Consider a stabilizer
code Q = CSS(HX , HZ); denote V the set indexing its
variable nodes (columns of the matrices HX , HZ). For
any decomposition into complementary sets I ⊂ V and
J = V \ I, let Q′ = CSS
(
(HX)I , HZ [I]
)
and Q′′ =
CSS
(
(HX)J , Hz[J ]
)
be the codes whose X generator ma-
trices are shortened and Z generator matrices punctured
to I and J , respectively. Then the Z-distances of the
three codes satisfy the inequality dZ ≥ min(d
′
Z , d
′′
Z).
Proof. Assume the code Q encodes k > 0 qudits (the case
k = 0 is trivial), and let the matrix HZ contain r rows.
The distance dZ of the code is the minimum weight in
the set QZ = C
⊥
HX
\ CHZ of all non-trivial codewords and
their equivalent vectors. For any c ∈ QZ , the punctured
codeword c[I] is either trivial or it is in Q′Z . Similarly,
c[J ] is either trivial or in Q′′Z . For any c ∈ ΩZ , we have
wgt c[I] + wgt c[J ] = wgt c > 0. The punctured code-
words c[I] and c[J ] contribute to the distances of the cor-
responding codes only if the corresponding weight is non-
zero. Let d(c) equal infinity if wgt c = 0, and wgt c ≥ 1
otherwise. Then, min
(
d(c[I]), d(c[J ])
)
≤ d(c). Minimize
over all c ∈ QZ to get the desired inequality.
Lemma 2 (Z-shortening bound). Consider a stabilizer
code Q = CSS(HX , HZ) with the set V indexing its
variable nodes. For any index set I ⊂ V , let Q′ =
CSS
(
HX [I], (HZ)I
)
be the code whose X generator ma-
trix is punctured and Z generator matrices shortened to
I. Then (i) the Z-distances of the original code does not
exceed that of Q′, dZ ≤ d
′
Z . (ii) This inequality is sat-
urated if the support of a minimum-weight codeword in
QZ is contained in I.
Proof. This follows from the facts that (a) any codeword
in Q′Z is also in QZ , and (b) that any codeword in QZ
which is supported on I is also in Q′Z .
We now consider several “product” codes related to the
subsystem code Qsubs = CSS(GX , GZ) with the gauge
generator matrices
GX =
(
HAX ⊗ I(nB)
I(nA)⊗H
B
X
)
, GZ =
(
HAZ ⊗ I(nB)
I(nA)⊗H
B
Z
)
, (31)
constructed in terms of generator matrices of a pair
of stabilizer codes QA = CSS(H
A
X , H
A
Z ) and QB =
CSS(HBX , H
B
Z ) with parameters [[nA, kA, (d
A
X , d
A
Z)]]q and
[[nB, kB, (d
B
X , d
B
Z )]]q, respectively.
Lemma 3 (Subsystem product code). Denote LAX, L
A
Z
and LBX, L
B
Z the logical generator matrices of the CSS sta-
bilizer codes CSS(HAX , H
A
Z ) and CSS(H
B
X , H
B
Z ), respec-
tively, chosen so that
LAX(L
A
Z)
T = I(kA), L
B
X(L
B
Z )
T = I(kB). (32)
Then the subsystem product code with CSS gauge gen-
erator matrices (31) has logical generator matrices
LX = L
A
X ⊗ L
B
Z , LZ = L
A
Z ⊗ L
B
Z , (33)
and stabilizer generator matrices
HX =

 HAX ⊗HBXHAX ⊗ LBX
LAX ⊗H
B
X

 , HZ =

 HAZ ⊗HBZHAZ ⊗ LBZ
LAZ ⊗H
B
Z

 . (34)
Proof. Matrices
PA =
(
LAZ
HAZ
)
, PB =
(
LBZ
HBZ
)
(35)
are the parity check matrices for the classical F -linear
codes with generator matrices HAX and H
B
X , respectively.
Thus, a classical code with generator matrix GX in
Eq. (31) has a parity check matrix PA ⊗ PB. Out of
8the four row blocks of the latter matrix, only rows of
LZ = L
A
Z ⊗ L
B
Z are linearly independent from the rows
of GZ , as can be verified by taking scalar products with
the rows of LX . The remaining row blocks can be readily
seen as linear combinations of the rows of GZ ; they form
the matrix HZ . The proof for LX and HX is similar.
Theorem 4 (Concatenated-stabilizer CSS code). Let
QA and QB be two F -linear CSS stabilizer codes used
to define matrices (31), with logical generator matrices
(32). Use nB copies of the code QA, with logical operators
used as qudits for the outer code, to form a concatenated-
stabilizer code Q with CSS generator matrices
HX =
(
HAX ⊗ I(nB)
LAX ⊗H
B
X
)
, HZ =
(
HAZ ⊗ I(nB)
LAZ ⊗H
B
Z
)
.
(36)
The logical generator matrices of thus constructed code
are given by Eq. (33), and the parameters are given by the
corresponding products [[nAnB, kAkB, (d
A
Xd
B
X , d
A
Zd
B
Z )]]q.
Proof. It is easy to check that HXH
T
Z = 0; this is a
stabilizer code. Similarly, we getHXL
T
Z = 0,HZL
T
X = 0,
LXL
T
Z = I(nA)⊗ I(nB), and the matrix ranks
rankHX = rankH
A
X nB + kA rankH
B
X , (37)
rankHZ = rankH
A
Z nB + kA rankH
B
Z , (38)
rankLX = rankLZ = kAkB ; (39)
these expressions add up to code length nAnB. This ver-
ifies the CSS construction and the number of encoded
qudits k = kAkB. The case k = 0 is trivial; in the fol-
lowing, assume k > 0. To construct the upper distance
bounds, e.g., dZ ≤ d
A
Zd
B
Z , consider pairs of conjugated
codewords a, a′ and b, b′ in QA and QB, respectively,
where a and b are Z-like with wgta = dAZ , wgt b = d
B
Z ,
and a′aT = b′bT = 1. Then the vector c = a⊗b of weight
dAZd
B
Z satisfies HXc
T = 0. Further, its dual a′ ⊗ b′ is or-
thogonal to the rows of HZ , which implies that c is not
a linear combination of the rows of HZ . Taken together,
this proves c ∈ QZ , thus its weight gives a valid upper
bound on dZ .
To construct a matching lower distance bound, as-
sume there is a non-trivial codeword c ∈ QZ such that
wgt(c) < dAZd
B
Z . This implies HXc
T = 0, and also that
c must be linearly independent from the rows of HZ .
Let ej ∈ F
nB , j ∈ {1, . . . , nB} be vectors with all zero
components except a one at position j. Consider a de-
composition
c =
∑
j
aj ⊗ ej, where aj ∈ F
nA . (40)
From the upper row blocks of the generators (36), each
non-zero aj must either be a non-trivial Z-like vector in
the code QA, or a linear combination of the rows of H
A
Z .
This implies that any non-zero aj such that wgt(aj) < d
A
Z
can be removed from c (set to zero) without any other
changes; the resulting vector c′ should remain in the code
as the two vectors are degenerate with respect to CHZ .
This vector has weight wgt(c′) ≤ wgt(c) < dAZd
B
Z , and
any non-zero component aj in its expansion (40) has
weight dAZ or larger. Let J ⊂ {1, 2, . . . , nB} be the set of
positions j corresponding to non-zero aj in the expansion
of c′. By this logic,
dAZd
B
Z > wgt(c
′) =
∑
j∈J
wgt(aj) ≥ d
A
Z |J |; (41)
the total number of positions in J satisfies |J | < dBZ . De-
note VA = {1, 2, . . . , nA} and I ≡ VA ⊗ J ; the punctured
vector c′[I] preserves all non-zero positions in c′. Thus,
c′[I] should be in the code Q′ = CSS
(
HX [I], (HZ)I
)
,
see Lemma 2. By construction, the matrices HX [I] and
(HZ)I have the same structure (36), except the code QB
is replaced with Q′B = CSS
(
HX [J ], (HZ)J
)
of length |J |.
This latter code also satisfies Lemma 2; we expect the
corresponding distance to serve as an upper bound to
dBZ . However, since its length |J | < d
B
Z , the only possi-
bility is for the code Q′B to encode no qubits, k
′
B = 0.
Necessarily, the code Q′ also has k′ = kAk
′
B = 0, which
makes the initial assumption about the existence of the
codeword c invalid; this proves dZ = d
A
Zd
B
Z .
Notice that rows of HZ in Eq. (34) are linear combina-
tions of rows of HZ in Eq. (36), whose rows are, in turn,
linear combinations of rows of GZ in Eq. (31). Similar re-
lation exists between the corresponding X matrices. As
a result, there is a sequence of inclusions,
C⊥GX \ CHZ ⊆ C
⊥
HX
\ CHZ ⊆ C
⊥
HX \ CGZ , (42)
which implies a sequence of inequalities for the three re-
lated codes:
dZ(GX , HZ) ≥ dZ(HX , HZ) ≥ dZ(HX , GZ), (43)
where, e.g., dZ(GX , HZ) is the Z-distance in the code
CSS(GX , HZ).
On the other hand, from linear relations between the
rows of matrices involved, Lemma 3 and Theorem 4, it
follows that all of the three codes in Eq. (42) are gauge-
fixed versions of the subsystem code with the genera-
tors (31). They share the logical generator matrices (33),
which implies a common upper bound dZ ≤ d
A
Zd
B
Z ; the
proof is similar to that in Statement 4. We get
dZ(GX , GZ) = dZ(HX , GZ) ≤ d
A
Zd
B
Z , (44)
dZ(GX , HZ) = dZ(HX , HZ) = d
A
Zd
B
Z . (45)
While the general upper bound (44) is sharp—in fact, it
is quite hard to construct a counterexample numerically
in the binary case—for any code QA with a sufficiently
large distance is also easy to construct a code QB such
that the distance of the product code is strictly below the
upper bound (44). The following is a generalization of the
example based on the homological product of Steane’s
[[7, 1, 3]] code with itself[4, 38]
9Example 5 (X-Z-symmetric product codes). Consider
codes QA = CSS(H
A
X , H
A
Z ) and QB = CSS(H
A
Z , H
A
X)
with X- and Z-generator interchanged. The distances of
the corresponding subsystem product code CSS(GX , GZ)
with generators (31) satisfy
dX(GX , GZ) ≤ nA, dZ(GX , GZ) ≤ nA. (46)
The inequality (44) becomes strict if nA < d
A
Zd
B
Z ≡ d
A
Zd
A
X .
Proof. The construction is symmetric with respect to X
and Z parts of QA; it is sufficient to prove the bound for
dZ ≡ dZ(GX , GZ) = dZ(HX , GZ) with HX in Eq. (34).
In this case nA = nB; consider a vector c =
∑nA
j=1 ej ⊗ ej
of weight nA, where ej are weight-one vectors as in
Eq. (40). Using Eq. (32) and the orthogonality between
the rows of remaining X- and Z-generator matrices, ver-
ify that HXc
T = 0 while LXc
T 6= 0. Thus, c is a valid
Z-like code word in CSS(HX , GZ) and dZ ≤ nA.
Unfortunately, we are not able to get the exact values
for the Z-distances in the l.h.s. of Eq. (44). Here are two
lower bounds adapted from Ref. 4:
Statement 6. Consider an F -linear code CSS(HX , GZ)
with stabilizer generator matrices HX and GZ given by
Eqs. (34) and (31), respectively. (a) The corresponding
Z-distance satisfies the inequality
dZ(HX , GZ) ≥ max(d
A
Z , d
B
Z ). (47)
(b) In addition, assume that dAZ > 1. Then, with F = Fq,
dZ(HX , GZ) ≥
q
q − 1
dBZ . (48)
The proof is based on the following
Lemma 7 (Ref. 4). Consider an F -linear stabilizer code
Q = CSS(HX , GZ) with generator matrices HX and GZ
in Eqs. (34) and (31), respectively. Given a ∈ QXA ,
consider a set ΩA(a) = {x1, x2, . . . , xN} of vectors de-
generate with a with respect to CHAX , such that each
i ∈ {1, 2, . . . , nA} is in the support of no more than K
of these vectors. Then, for any Z-like codeword c ∈ QZ
such that [a⊗ I(nB)] c
T 6= 0,
wgt(c) ≥
⌈
N
K
dBZ
⌉
. (49)
Proof. For any c ∈ QZ , consider an expansion
c =
nA∑
j=1
fj ⊗ bj , bj ∈ F
nB ,
where components of fj ∈ F
nA are all zero except for
fj [j] = 1, j ∈ {1, . . . , nA}. By assumption, the dot-
product ai⊗I(nB) with c is non-zero; for any ai ∈ ΩA(a),
xTi ≡ (ai ⊗ InB ) c
T =
∑
j
ai[j] b
T
j .
It is easy to check that the resulting vector xi ∈ F
nB
satisfies HBXx
T
i = 0, while L
B
Xx
T
i 6= 0. That is, xi is in
QZB, so that wgt(xi) ≥ d
B
Z . Let us now sum the weights
of xi corresponding to all elements of ΩA(a),
NdBZ ≤
N∑
i=1
wgt(xi) ≤
nA∑
j=1
N∑
i=1
wgt(ai[j] bj)
≤ K
∑
j
wgt(bj) = K wgt(c),
which gives Eq. (49) since wgt(c) is an integer.
Proof of Statement 6. Both (a) and (b) are trivial if
kAkB = 0; assume otherwise below. (a) The construction
is symmetric with respect to constituent codes QA and
QB; without limiting generality assume d
B
Z ≥ d
A
Z . Use
the set ΩA(a) = {a} in Lemma 7 with N = K = 1, which
proves dZ(HX , GZ) ≥ d
B
Z . (b) The condition d
A
Z > 1 im-
plies that any all-zero column in HAX (say, at position
i ≤ nA) must be matched by a row (or a linear combi-
nation of rows) of HAZ with the only non-zero element at
i. This guarantees that any X-like codeword a has no
support at such position(s). For any a ∈ QAX , consider
the set Ω ≡ ΩA(a) of size N = q
rankHXA which contains
all vectors degenerate with a. For any i ≤ nA, the set of
characters Ω[i] ≡ {x[i] : ∀x ∈ ΩA(a)} either contains all
zeros, or contains equal numbers of all elements of F—
this can be seen by considering a generating matrix with
all except one row not supported on i. For such a set,
K = (q − 1)q(rankH
X
A −1), which proves Eq. (48).
We notice that the lower bound (47) is saturated when-
ever one of the codes has distance one, as can be seen
from Eq. (44.
Example 8. For any field F = Fq with q ≡ 2t + 1
odd, consider a [[3, 1, (2, 2)]]q code with CSS generators
HX = (1, 1, 1), HZ = (t, t, 1). The corresponding X-
Z-symmetric product code in Example 5 has distances
dX = dZ = 3, smaller than the upper bound (44). For
q = 3, this saturates the lower bound (48).
Example 9. Let QA = CSS(HAX , H
A
Z ) be a single-
qubit encoding (consta)cyclic CSS code with parameters
[[nA, 1, (d
A
X , d
A
Z)]]. Then, for any Q
B = CSS(HAX , H
A
Z ),
the Z-distance of the product code CSS(HX , GZ) with
stabilizer generators (34) and (31) satisfies
dZ(HX , GZ) ≥ ⌈nAd
B
Z/d
A
X⌉. (50)
Proof. Use Lemma 7 with ΩA(a) a set of size N = nA
constructed by shifting an X-like minimum-weight code-
word a ∈ QXA , wgt(a) = d
A
X by 0, 1, . . . , nA−1 positions.
The resulting vectors xi ∈ ΩA(a) cannot be linear com-
binations of rows HAX , or else the original vector a would
be too, thus they must be in the code. Since kA = 1,
they must be degenerate with a. The lower bound (50)
is obtained if we notice that for this set, K = dAX .
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Example 10. For any q = 2m with m even, so that
r ≡ (q − 1)/3 be an integer, consider a stabilizer code
[[3, 1, (2, 2)]]q with cyclic H
A
X and constacyclic H
B
Z gen-
erators,
HAX =
(
1 1 1
)
, HAZ =
(
1 xr x2r
)
, (51)
where x ∈ Fq is a primitive element, i.e., x
q−1 = 1.
Combination of X-Z symmetric product construction
from Example 5 and the lower bound (50) again gives
dZ(GX , GZ) = 3, smaller than d
A
Zd
B
Z = d
A
Zd
A
X = 4.
Example 11 (Product of Steane’s code with itself from
Refs. 4 and 38). For any q = 2m, m ∈ N, consider a
pair of identical cyclic codes [[7, 1, (3, 3)]]q with stabilizer
generator polynomials hAX(x) = h
B
Z (x) = 1+x
2+x3+x4.
Combination of the X-Z symmetric product construc-
tion from Example 5 and the lower bound (50) gives
dZ(GX , GZ) = 7, smaller than d
A
Zd
B
Z = 9.
The following example[4, 38] is based on square nilpo-
tent matrices such that δ2 = 0, with elements from a field
F = Fq with q = 2
m, m ∈ N. Such a matrix δ and its
transposed δT can be used to construct stabilizer code
CSS(δ, δT ) and CSS(δT , δ). Alternatively, stabilizer gen-
erators of a CSS code can be used to form such a nilpotent
matrix, δ = HTXMHZ , where M is an arbitrary matrix
of appropriate dimensions.
Example 12 (Homological product codes). For q = 2m,
m ∈ N, consider a pair of F -linear stabilizer codes
Qµ = CSS(δµ, δ
T
µ ) with parameters [[nµ, kµ, (d
µ
X , d
µ
Z)]]q
based on nilpotent matrices δµ, where µ ∈ {A,B}. Then
the matrix δC = I(nA) ⊗ δB + δA ⊗ I(nB) is also nilpo-
tent. The corresponding code CSS(δC , δ
T
C) has parame-
ters [[nAnB, kAkB, (d
C
X , d
C
Z )]]q, where, e.g.,
dZ(GX , GZ) ≤ d
C
Z ≤ d
A
Zd
B
Z , (52)
with the generator matrices constructed from the CSS
generators of the two codes as in Eq. (31).
Proof. For the upper bound on the distance see Refs. 4
and 38. In particular, Audoux and Couvreur argued[4]
that the logical generator matrices of thus constructed
homological product code can be written as the product
(33). Then, the lower bound on the distance follows from
the fact that rows of δC and δ
T
C are linear combinations
of the rows of GX and GZ , respectively, see Eq. (31).
Our last example shows that the subsystem prod-
uct code and the corresponding gauge-fixed codes from
Lemma 3 can be seen as a generalization of the subsystem
hypergraph-product code and corresponding gauge-fixed
codes recently constructed by Li and Yoder[65] which are,
in turn, a generalization of Bacon-Shor[64] and Shor’s[66]
codes, respectively. The construction is based on a pair
of classical codes, it is similar but not identical to those
in Refs. 67 and 68. Namely, the gauge and stabilizer gen-
erator matrices can be obtained from Eqs. (31) and (34)
by considering the classical codes as degenerate quantum
codes with empty HAZ and H
B
X matrices.
Example 13 (Subsystem HP codes[65]). Given a pair
of F -linear classical codes with parameters [nµ, kµ, dµ]q,
parity check matrices Pµ, and generator matrices
Qµ, where µ ∈ {A,B}, consider a subsystem code
CSS(GX , GZ) with gauge generator matrices
GX = (PA ⊗ InB ), GZ = (InA ⊗ PB). (53)
The corresponding stabilizer generator matrices are
HX = (PA ⊗QB) , HZ = (QA ⊗ PB) . (54)
Assuming kAkB > 0, the parameters of the subsystem
and both gauge-fixed codes are [[nAnB, kAkB , (dA, dB)]]q.
The parameters of the codes follow from Theorem (4)
where we should use dAX = d
B
Z = 1. In particular, we get
the original Bacon-Shor (BS) and Shor’s codes if we take
repetition codes for both classical codes.
Finally, we notice that a subsystem product code con-
structed from a BS code and a repetition code coincides
with the 3-dimensional BS code as proposed by Napp and
Preskill[69] (this construction differs from the 3D code
originally suggested by Bacon[64]). Napp & Preskill con-
struction can be also seen as a three-fold subsytem prod-
uct of repetition codes, and can be generalized to higher
dimensions. However, it is easy to check that these single-
qubit encoding codes are just rearrangements of conven-
tional BS codes from 2D lattice to higher dimensions.
The only differences are the measurement redundancy
and local connectivity of neighboring qubits, as defined
by the specific set of gauge generators used in the con-
struction.
V. HOMOLOGICAL DISTANCES IN TENSOR
PRODUCT OF TWO CHAIN COMPLEXES
Example 13 may serve as a nice introduction to the
subject of this section. Indeed, Bacon-Shor code can be
obtained from Kitaev’s toric code by erasing qubits on
all vertical (or all horizontal) bonds. The latter code
corresponds exactly to a CW-complex associated with a
square lattice with periodic boundary conditions—a ten-
sor product of two cycle graphs. More general gauge
generator matrices (53) can be seen as a result of eras-
ing one of the blocks in a quantum hypergraph-product
code[33, 34] with stabilizer generator matrices
HX = (PA ⊗ InB |IB ⊗ P
T
B ),
HZ = (InA ⊗ PB| − P
T
A ⊗ IA), (55)
where the dimensions of the identity matrices IA and
IB match the numbers of rows in the two check matri-
ces. The matrices HX and H
T
Z correspond exactly to the
boundary operator matrices in a product of the chain
complexes K(PA) and K(P
T
B ). In this section we con-
sider tensor products of general bounded F -linear chain
complexes. The corresponding boundary operators, see
Eq. (57) below, have row- and column-blocks with the
structure of the gauge generator matrices (31).
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A. Upper bound on the distance
Statement 14. Consider two F -linear chain complexes
A = K(A1, . . . , Aℓ) and B = K(B1, . . . , Bℓ′). Then, for
any i, j ∈ Z, the homological distance of the product com-
plex C = A× B at level j satisfies the inequality
dj(C) ≤ di(A)dj−i(B). (56)
Proof. By definition, the distances di(A) and dj−i(B) are
natural or infinite. Thus, if one or both homology groups
are trivial, ki(A) = 0 or kj−i(B) = 0 (in which case the
corresponding distance is infinite), the r.h.s. of Eq. (56)
equals infinity, so that the inequality in question is triv-
ially satisfied.
Otherwise, with both homology groups non-trivial,
consider a pair of minimum-weight homologically non-
trivial vectors a ∈ Hi(A) and b ∈ Hj(B) such that
wgt(a) = di(A) and wgt(b) = dj(B). Vector a is
a non-trivial Z-like codeword in the stabilizer code
CSS(Ai, A
T
i+1); denote a
′ an X-like codeword in the same
code conjugate to a, that is, a′ · a = 1. In other words,
this vector is a co-cycle in A˜i. [In fact, a
′ is a mem-
ber of the co-homology group Hi(A˜), but this is not
needed for the proof.] Similarly, denote b′ an X-like
codeword in the code CSS(Bj−i, B
T
j−i+1) conjugate to b,
a co-cycle in A˜j . Construct c ∈ Cj by assigning non-
zero value ci,j−i = a ⊗ b in the subspace Ai ⊗ Bj−i,
and zero in all other subspaces at level j. Clearly,
wgt(c) = di(A)dj−i(B); to prove the upper bound (56)
we just need to show that c 6≃ 0. To this end, consider
a vector c′ constructed similarly to c but from vectors a′
and b′; it is easy to check that c · c′ = 1. In addition,
this vector is a co-cycle in C˜j , i.e., c
′Cj+1 = 0, where the
matrix is a boundary operator in the product complex
C, cf. Eq. (27). Any vector equivalent to c has the form
c+ x(Cj+1)
T , for some x ∈ Cj+1. However, such a com-
bination is never zero, as can be verified by taking a dot
product with c′.
The upper bound (3) immediately follows from State-
ment 14 by minimizing over i.
B. Lower bounds on the distance
To make the map with the product codes in Sec. IV
evident, we start by writing out the block form of a ma-
trix in the product complex C = A⊗B, where the spaces
Ai and Bj have dimensions ai and bj , respectively:
Cj =


Aj ⊗ I(b0) (−1)
j−1I(aj−1)⊗B1
Aj−1 ⊗ I(b1) (−1)
j−2I(aj−2)⊗B2
. . .
. . .
A1 ⊗ I(bj−1) I(a0)⊗Bj

 . (57)
For ease of mapping of the homology groupHj(C) to the CSS stabilizer code with generatorsHX = Cj andHZ = C
T
j+1,
we also write the latter matrix explicitly
CTj+1 =


ATj+1 ⊗ I(b0)
(−1)jI(aj)⊗B
T
1 A
T
j ⊗ I(b1)
(−1)j−1I(aj−1)⊗B
T
2 A
T
j−1 ⊗ I(b2)
. . .
. . .
−I(a1)⊗B
T
j−1 A
T
1 ⊗ I(bj)
I(a0)⊗B
T
j+1


. (58)
Clearly, in general, the generator matrices HX = Cj and HZ = C
T
j+1 have j+1 column blocks, with each block row
and block column incident on no more than two non-zero blocks. Our strategy is to construct bounds on the distance
of these codes using Lemmas 1 and 2.
First, let us construct the codes Q(i,j−i), i ∈ Z, each projected into a single subspace Ai ⊗ Bj−i as in Lemma 1.
The corresponding lower bound on the homological distance at the level j of the product complex C reads
dj(C) ≥ min
i∈Z
dZ
(
Q(i,j−i)
)
. (59)
Denote I ≡ Iji the index set corresponding to the subspace Ai ⊗ Bj−i. The punctured matrix GZ [I] is obtained
by selecting the appropriate column block in the matrix (58). When expressed in terms of the two small stabilizer
codes QA = CSS(Ai, A
T
i+1) and QB = CSS(Bj−i, B
T
j−i+1) associated with the homology groups Hi(A) and Hj−i(B),
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respectively, the resulting matrix has exactly the form of the gauge generator matrix GZ in Eq. (31). To construct
the matching shortened matrix (HX)I , notice that only two row blocks in Cj give non-zero contribution,
Cj [I
j
i+1 ∪ I
j
i ∪ I
j
i−1] =


(−1)i+1I(ai+1)⊗Bj−i−1
Ai+1 ⊗ I(bj−i−1) (−1)
iI(ai)⊗Bj−i
Ai ⊗ I(bj−i) (−1)
i−1I(ai−1)⊗Bj−i+1
Ai−1 ⊗ I(bj−i+1)

 .
The shortening to the middle column block, Iji , is
achieved with the help of row operations equivalent to left
multiplication of the second row block by A∗⊗ I(bj−i−1)
and of the third row block by I(ai−1)⊗B
∗, where
A∗ =
(
Ai
LAX
)
, B∗ =
(
Bj−i
LBX
)
(60)
are the largest-rank matrices with rows orthogonal to
the columns of Aj+1 and Bj−i+1, respectively. Here
and below, we denote LAX , L
A
Z and L
B
X , L
B
Z the canon-
ical logical generator matrices (20) of the same stabi-
lizer codes, QA and QB. As a result of the multiplica-
tion, we obtain the shortened matrix (HX)I in the exact
form of the stabilizer generator matrix HX in Eq. (34),
again, when expressed in terms of the matrices associ-
ated with the codes QA and QB. According to Lemma
3, the corresponding stabilizer code CSS
(
(HX)I , HZ [I]
)
has exactly the same Z-distance as the subsystem code
CSS
(
HX [I], HZ [I]
)
obtained by puncturing both matri-
ces HX = Cj and HZ = C
T
j+1 to the single subspace
Ai ⊗ Bj−i.
With the help of the upper bound (44) and the loose
lower bound (47), we obtain
Statement 15. The Z-distance dZ ≡ dZ(Q
(i,j−i)) of the
F -linear CSS code Q(i,j−i) obtained by Z-puncturing the
CSS code corresponding to homology group Hj(A⊗B) to
the subspace Ai ⊗ Bj−i satisfies the bounds
max
(
di(A), dj−i(B)
)
≤ dZ ≤ di(A)dj−i(B). (61)
Since d0(A) and d0(B) are restricted to be either zero
or infinity, this gives exact values for the distance in two
special cases:
dZ(Q
(j,0)) = dj(A)d0(B), (62)
dZ(Q
(0,j)) = d0(A)dj(B). (63)
In addition, the structure of the homologically non-trivial
vectors is somewhat clarified by the following restricted
result:
Statement 16. Consider a vector c ∈ Cj at level j in the
product chain complex C = A × B, and assume that for
some i ≤ j, c has a non-zero weight in Hi(A)⊗Hj−i(B),
while the components of c are zero in spaces Ai′ ⊗ Bj−i′
with i′ < i. Then wgt(c) ≥ di(A)dj−i(B).
Proof. The vector is a Z-like codeword in the CSS code
with generator matrices (57) and (58). The condition
can be used to construct a Z-shortened code, with all
blocks to the right of the block Ai ⊗ Bj−i removed as in
Lemma 2. This amounts to dropping all column blocks
of Cj and C
T
j+1 to the right of the (j − i + 1) th block-
column which corresponds to the subspace Ai ⊗ Bj−i,
and multiplication of the last block-row that remains
non-zero in CTj+1 by (A
∗)T ⊗ I(bj−i), where A
∗ is given
by Eq. (60). After a subsequent application of a Z-
puncture, so that all block columns to the left of the
block Ai ⊗ Bj−i are removed as in Lemma 1, we ob-
tain exactly the concatenated-stabilizer code in The-
orem 4, constructed from QA = CSS(Ai, A
T
i+1) and
QB = CSS(Bj−i, B
T
j−i+1). The Z-distance of this code is
dZ = d
A
Zd
B
Z = di(A)dj−i(B). Moreover, by assumption,
vector c punctured to the space Ai ⊗ Bj−i is non-trivial
in the product code, which guarantees wgt(c) ≥ dZ .
Clearly, the same lower bound also applies for vectors
with zero weight in all spaces Ai′ ⊗Bj−i′ with i
′ > j. In
addition, the condition of Statement 16 is automatically
satisfied when Bj−i is the last non-trivial matrix in the
complex B, i.e., j − i = ℓ′, see Statement 14. In this
case, again, the upper bound in Eq. (61) is saturated,
dZ(Q
(i,ℓ′)) = di(A)dℓ′(B). The same is true also when Ai
is the last non-trivial boundary operator in the complex
A, i = ℓ; we have dZ(Q
(ℓ,j)) = dℓ(A)dj(B).
The special cases in Statements 15 and 16 combine
to give exact distances in the case where one of the com-
plexes in the product contains just one non-trivial bound-
ary operator. This gives an extension of the main result
in Ref. 36 to F -linear chain complexes:
Theorem 17. Consider a tensor product C = A × B
of two F -linear chain complexes, where one of the com-
plexes contains just two non-trivial spaces, e.g., A =
K(A1, . . . , Aℓ) and B = K(B1). Then, for any i, j ∈ Z,
the homological distance at level j of the product complex
C = A× B is
dj(C) = min
i∈Z
di(A)dj−i(B). (64)
In Ref. 36, we conjectured that in the binary case, q =
2, the identity (64) be applicable to products of arbitrary
bounded complexes. The conjecture was based on ex-
tensive numerical simulations of products of length-three
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binary complexes corresponding to pairs of randomly-
generated CSS codes.
In addition, here we have conducted numerical sim-
ulations of product chain complexes based on pairs of
random Fq-linear stabilizer codes, with all CSS gen-
erators of full-row-rank, so that only the homology
groups H1(A) and H1(B) be non-trivial. For each q ∈
{2, 3, 22, 5, 7, 23, 32, 11}, we generated some 2× 104 such
code pairs of length 3 ≤ a1 ≤ b1 ≤ 11, and calculated the
homological distances d2(C) and d2(C˜) of the correspond-
ing (co)chain product complexes. Not a single instance
was found where the inequality (56) would not be satu-
rated.
We notice that such simulations can in no means be
considered as a proof, in particular, since the number of
codes (matrices) scales exponentially with the number of
entries in the matrix, i.e., super-exponentially with the
matrix size. To ensure that we did not miss any instances,
we enumerated all pairs of non-trivial binary CSS codes
of size n ≤ 7, and constructed tensor products of the
corresponding chain complexes. We calculated the code
distances using a version of the covering set algorithm[70–
72]. For all of these product codes, Eq. 64 was always
satisfied.
Based on these numerical results, combined with the
analytical result in Theorem 17 and the results for mul-
tiple products of 1-complexes, see Sec. VC, we propose
Conjecture 18. The homological distances dj(A × B)
in a product of any pair of bounded chain complexes of
vector spaces over a finite field is given by Eq. (64).
Of course, one should be aware that, even when highly
suggestive, numerical evidence cannot substitute a proof.
A recent example is the Hedetniemi conjecture about the
chromatic number in a tensor product of graphs[73, 74].
The conjecture held up for over half a century; a coun-
terexample was only recently discovered by Yaroslav Shi-
tov in a beautiful 2019 paper[75, 76]. Significantly, the
smallest graphs known so far to provide a counterexam-
ple to Hedetniemi’s conjecture have over 104 vertices[77].
C. Applications in quantum error correction
In classical error correction it is usually safe to assume
a channel model, where errors may happen during trans-
mission but not during encoding/decoding. In compar-
ison, when a quantum error-correcting code (QECC) is
used, errors may happen at any step; to measure a syn-
drome one has to perform a complex set of elementary
quantum unitaries, gates, which may result not only in
additional data errors but also syndrome measurement
errors. Measurement errors become more likely with op-
erators of large weight, as the measurement circuit has to
be constructed from elementary quantum gates which in
most cases can operate at most at two qudits at a time.
As a result, fault-tolerant (FT) operation requires
quantum codes where all (or most) stabilizer generators
have small weights. These are analogous to classical low-
density parity-check (LDPC) codes.
Here we consider tensor products of several F -linear
1-complexes, chain complexes with just two non-trivial
spaces. Basic parameters such as space dimensions, row
and column weights, or homological distances do not de-
pend on the order of the terms in the product. Further,
if the matrices used to construct 1-complexes are (υ, ω)-
sparse, that is, their column and row weights do not ex-
ceed υ and ω, respectively, the matrices in the resulting
m-chain product complex are (mυ,mω)-sparse. In par-
ticular, when K = K(R) is a 1-complex associated with
a circulant check matrix of the repetition code, K×D re-
covers all the D-dimensional toric codes.
First, consider an r × c full-row-rank q-ary matrix P
with r < c, and assume that the F -linear code C⊥P has
distance δ. The 1-complex K ≡ K(P ) has two non-trivial
spaces of dimensions r and c; the corresponding homol-
ogy groups have ranks 0, κ and the distances ∞, δ. The
1-complex K˜ ≡ K(PT ) generated by the transposed ma-
trix has equivalent spaces taken in the opposite order,
with the same homology group ranks, but the distances
are now 1 and ∞, respectively. It is easy to see that in
any chain complex constructed as tensor products of K
and/or K˜, there is going to be only one homology group
with a non-zero rank. Since order of the products is not
important, we will write these as powers. For (a + b)-
complex K(a,b) ≡ K×a×K˜×b, the only non-trivial homol-
ogy group is Ha(K
(a,b)), acting in the space of dimension
na(K
(a,b)) =
a∑
i=0
c2ira+b−2i
(
a
i
)(
b
i
)
< (r + c)a+b,
it has rank κa+b and distance δa. The correspond-
ing quantum CSS code has the minimum distance
min(δa, δb), and its stabilizer generators have weights not
exceeding (a+ b)max(υ, ω).
Good weight-limited classical LDPC codes with finite
rates κ/c and finite relative distances δ/c can be obtained
from ensembles of large random matrices[24–27, 78, 79].
Any of these can be used in the present construction.
Then, for any pair (a, b) of natural numbers, we can gen-
erate weight-limited quantum LDPC codes with finite
rates and the distances dX = δ
a, dZ = δ
b whose prod-
uct scales linearly with the code length. The quantum
hypergraph-product codes are a special case of this con-
struction with a = b = 1.
More generally, take arbitrary ri × ci matrices Pi,
i = 1, 2, . . . with elements from F ≡ Fq. Let F -linear
codes with parity check matrices Pi and P
T
i , respec-
tively, have parameters [ci, κi, δi] and [ri, κ˜i, δ˜i], where
the distance is assumed infinite whenever the correspond-
ing code is trivial, κ = 0. Then, for a product of m such
1-complexes, the space dimensions and ranks of the ho-
mology groups following from the Ku¨nneth formula can
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be written in terms of the generating polynomials
n(m)(x) ≡ n
(m)
0 + xn
(m)
1 + . . . x
mn(m)m
=
∏m
j=1
(rj + xcj),
k(m)(x) ≡ k
(m)
0 + xk
(m)
1 + . . . x
mk(m)m
=
∏m
j=1
(κ˜j + xκj).
The homological distance d
(m)
j can be seen as the min-
imum over the products of distances corresponding to
those terms that give non-zero contributions to k
(m)
j ,
with the substitution κj → δj , 0 6= κ˜j → 1.
It is easy to check that none of the higher-dimensional
quantum hypergraph-product codes discussed here have
parameters that are better than for regular QHP codes
(m = 2) originally constructed by Tillich and Ze´mor[33].
In addition, the row- and column-weights of the corre-
sponding matrices tend to get bigger with increasing m.
The advantage of higher-dimension QHP codes, or, more
generally, codes from m-chain complexes with m ≥ 4,
is that the rows of matrices G
(a)
X = Ka, G
(a)
Z = K
T
a+1
satisfy a large number of linear relations resulting from
the orthogonality with the matrices Ka−1 and Ka+2, re-
spectively. These can be used to correct syndrome mea-
surement errors. Even though the resulting syndrome
codes do not have large distances (with a finite probabil-
ity some errors remain), the use of such codes in repeated
measurement setting could simplify the decoding and/or
improve the decoding success probability in the case of
adversarial noise[49]. Such improvements with stochastic
noise have been demonstrated numerically in the case of
D = 4 toric codes in Ref. 80.
VI. EXTENSIONS
Throughout this work, we concentrated on the Ham-
ming distance. A simple, and yet offering a range of pos-
sible applications, extension of Theorem 4, Statement 14,
and Theorem 17 can be given by using weighted distances,
defined for a vector c ∈ Fn in terms of the norm
wgtW (c) ≡
∑
i:c[i] 6=0
Wi, (65)
where W ≡ (W1,W2, . . . ,Wn) is a vector of positive
weights Wi > 0, i ≤ n. For the corresponding proofs
to work, the only requirement is that the weights WCi,j
in each space Cij ≡ Ai⊗Bj used to form the product com-
plex C = A×B be related to the weights WAi and WBj
in the original complexes, namely, WCi,j =WAi ⊗WBj .
Indeed, all the proofs are based either on Eq. (33), or a
projection inequality as in Eq. (41); both arguments are
readily modified to account for weighted norm (65).
In particular, this implies an extension to extremal
length L1 (systole) and higher-dimensional analogs Lj,
j > 1, representing minimal structures with non-trivial
homology on a given manifold[81]. Indeed, in the sim-
plest case, the edge (j = 1), plaquette (j = 2), etc.
weights associated with a given tessellation can be chosen
as the corresponding Euclidean length, area, etc. Then
the weighted norm (65) gives the corresponding measure
of the elements in the structure, and the homological
distance—the corresponding minimum, going over to Lj
in the continuum limit. We assume the manifolds be suffi-
ciently smooth so that the corresponding limits exist[82].
Second, an extension of some of the bounds to chain
complexes ofK-modules, modules over a commuting ring
K, is possible ifK is a principal ideal domain (PID). Here
we only consider the ring K = Zq of modular integers,
and assume torsion-free case, i.e., with all Smith normal
form invariants of all matrices either zero or one. In this
case one gets[83] dCZ ≥ d
A
Zd
B
Z for the stabilizer-product
code in Theorem 4. Further, the lower bound in Theo-
rem (6) remains intact, while Eq. (64) also becomes an
inequality, dj(C) ≥ mini∈Z di(A)dj−i(B).
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